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Abstract
We demonstrate by explicit calculation that the first two terms in the CIV-DV prepotential for
the two-cut case satisfy the generalized WDVV equations, just as in all other known examples of
hyperelliptic Seiberg-Witten models. The WDVV equations are non-trivial in this situation, pro-
vided the set of moduli is extended as compared to the Dijkgraaf-Vafa suggestion and includes also
moduli, associated with the positions of the cuts (not only with their lengths). Expression for the
extra modulus dictated by WDVV equation, however, appears different from a naive expectation
implied by the Whitham theory. Moreover, for every value of the ”quantum-deformation parame-
ter” 1/g3, we actually find an entire one-parameter family of solutions to the WDVV equations, of
which the conventional prepotential is just a single point.
In this paper we report on some ”experimental” results, confirming the validity of the WDVV
equations for the realistic prepotential of gluino-condensate fields Si [1]. We follow the program
suggested in our recent paper [2], which implies, among other things, that the considerations of
R.Dijkgraaf and C.Vafa [3] (see [4] for the further developements) should be supplemented to include
extra moduli, associated with positions of the cuts in the planar matrix model solution. The purpose
of the present paper is to confirm, that the ”spherical” WDVV equations [5, 6, 7] are indeed satisfied
after these moduli are included, as expected on general grounds in all hyperelliptic examples of Seiberg-
Witten theory [8] and its interpretation in terms of integrable systems [9]. However, it turns out that
the naive expectation of [2] for explicit choice of these extra T -moduli should be modified already
at the level of the two-cut solution (when there are just two S-moduli and one extra T -modulus).
Interpretation of these results and their generalization to higher number of cuts n remain for the
subject of further analysis.
1 Introduction
The prepotential, which will be the subject of our discussion, has the form [1, 3]:
1
F(S, T ) = Fpert(S, T ) +
∞∑
k=1
g−kn+1Fk+2(S, T ) (1)
where Fk+2(S, T ) is a polynomial of degree k + 2 in S’s, with coefficients made from αij = αi − αj
(see (2) below) and these αij are somehow incorporated into the n− 1 auxiliary flat moduli Ti. It can
be obtained after throwing away some unwanted terms from the Dijkgraaf-Vafa prepotential, built by
the common rules of the SW theory from a family of hyperelliptic complex curves (Riemann surfaces)
Y 2 = P 2n(x) + Pn(x)
n∑
i=1
S˜i(x)
x− αi
, Pn(x) =
n∏
i=1
(x− αi) (2)
with the one form
dSDV = Y (x)dx (3)
defined on every curve. The flat moduli Si, i = 1, . . . , n are infinite series in integer powers of S˜i with
α-dependent coefficients, while α-dependence is somehow expressed through the remaining n− 1 flat
moduli Ti, i = 1, . . . , n− 1. We refer to [2] for further details.
The perturbative (logarithmic) piece of the prepotential can be easily obtained from
∂Fpert
∂Si
=
∫ Λ
γi+ρi
dSpert = · · ·+ Si log
Λ
ρi
+
∑
j 6=i
Sj log
Λ
αij
(4)
with
dSpert(x) = Pn(x)dx +
n∑
i=1
Si
x− αi
dx (5)
and
(ipign+1)ρ
2
i
n∏
j 6=i
αij = Si +O(S
2) (6)
(eq.(6) is the condition that αi± ρi approximate – in the leading order in small S’s – the ramification
points of the curve (2)). Altogether, these formulas imply that1
2piiFpert(S, T ) =
1
2
n∑
i=1
S2i logSi −
1
2
n∑
i<j
(S2i − 4SiSj + S
2
j ) log αij (7)
In what follows we present some experimental evidence that the WDVV equations in the form,
suggested in ref.[6],
FˇIFˇ
−1
J FˇK = FˇKFˇ
−1
J FˇI (8)
1 The terms gn+1
(
W (Λ)
∑
i
Si −
∑
i
W (αi)Si
)
with W ′(x) = Pn(x) and (
∑
i
Si)
2 log Λ are omitted from this ex-
pression. These are harmless for considerations below as they are at most quadratic in moduli and drop out of the
prepotential’s third derivatives. Note that ˜˜Tk =W (αi) can be an interesting possibility to try for the role of T moduli.
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(with matrices FˇL made out of the third derivatives of the prepotential F(aI),
(
FˇL
)
MN
= FLMN =
∂3F/∂aL∂aM∂aN ), can still hold for this prepotential, at least for the cubic superpotential, when there
are just two S-moduli and one T -modulus. Dependence on the T -modulus which is not-quite-expected
is needed, however, to make these equations true. Instead of being equal to T˜1 ∼ α1α2 = −
1
2
α212,
according to the general rule [10, 11, 2]2
T˜k =
1
k
res∞x
−kdS(x) =
1
k
res∞x
−kPn(x)dx, (9)
it appears (experimentally!) that T ∼ α312. (Note that another naive choice Ti = αi −αn is also ruled
out). It remains for the future research to find an interpretation of this metamorphosis and, even
more important, to understand if it can be extended to higher corrections and more sophisticated
superpotentials (with n > 2). For n > 2 it is not easy even to reexpress the differences αij through
n− 1 flat moduli Ti, which are expected to be polynomial in αij .
From now on we consider just the case of n = 2, but introduce some free parameters into (7) and
into F3 in order to find what kind of restrictions are imposed on these parameters by the WDVV
equations.
2 Perturbative n = 2 case
Let
Fpert(S1, S2, T ) =
1
2
S21 log S1 +
1
2
S22 log S2 +
ν
2
(S21 − 2bS1S2 + S
2
2) log T (10)
(actually, in DV theory b = 2 and T−ν = α12). Then
∂Fpert
∂S1
= S1 log S1 + ν(S1 − bS2) log T,
∂Fpert
∂S2
= S2 log S2 + ν(S2 − bS1) log T,
∂Fpert
∂T
=
ν
2T
(S21 − 2bS1S2 + S
2
2),
(11)
and matrices (we omit the index perp in what follows)
Fˇ1 =


1
S1
0
ν
T
0 0 −
νb
T
ν
T
−
νb
T
−
ν(S1 − bS2)
T 2


(12)
2 From experience with the other SW models [11] one can conjecture that the x−n factors in (9) can be in fact
substituted by w−k/n (see [2] for the definition of w), but this difference is inessential for our considerations in this
paper.
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Fˇ2 =


0 0 −
νb
T
0
1
S2
ν
T
−
νb
T
ν
T
−
ν(S2 − bS1)
T 2


(13)
FˇT =


ν
T
−
νb
T
−
ν(S1 − bS2)
T 2
−
νb
T
ν
T
−
ν(S2 − bS1)
T 2
−
ν(S1 − bS2)
T 2
−
ν(S2 − bS1)
T 2
ν(S21 − 2bS1S2 + S
2
2)
T 3


(14)
Further,
Fˇ−12 =
(
−
ν2b2
S2T 2
)−1


−
ν(ν + 1)
T 2
+
νbS1
S2T 2
−
ν2b
T 2
νb
S2T
−
ν2b
T 2
−
ν2b2
T 2
0
νb
S2T
0 0


; (15)
and
Fˇ1Fˇ
−1
2 =
(
−
ν2b2
S2T 2
)−1


−
ν(ν + 1)(S2 − bS1)
S1S2T 2
−
ν2b
S1T 2
νb
S1S2T
−
ν2b2
S2T 2
0 0
ν2(ν + 1)(b2 − 1)
T 3
ν3b(b2 − 1)
T 3
ν2b
S2T 2


=
=


(ν + 1)(S2 − bS1)
νb2S1
S2
bS1
−
T
νbS1
1 0 0
−
(ν + 1)(b2 − 1)S2
b2T
−
ν(b2 − 1)S2
bT
−
1
b


,
(16)
Fˇ−12 FˇT =


−
(ν + 1)(b2 − 1)S2
b2T
0
(ν + 1)(b2 − 1)S1S2
b2T 2
−
ν(b2 − 1)S2
bT
0
ν(b2 − 1)S1S2
bT 2
−
1
b
1
S1 − bS2
bT


(17)
Finally,
4
Fˇ1Fˇ
−1
2 FˇT =


∗
ν
T
νS1
bT 2
+ ξ
S2
b2T 2
ν
T
∗ −
ν(S1 − bS2)
T 2
νS1
bT 2
+ η
S2
b2T 2
−
ν(S1 − bS2)
T 2
∗


(18)
with
ξ = b2 − 1− ν,
η = ν2(b2 − 1)2 − ν(2b2 − 1).
(19)
Stars stand for diagonal elements that we do not need.3 This matrix is symmetric, provided b and ν
are related by the equation ξ = η:
ν2(b2 − 1)2 − ν(2b2 − 1) = (b2 − 1− ν), (20)
or
ν2(b2 − 1)− 2ν − 1 = 0, (21)
or
ν = ±
1
b∓ 1
(22)
For b = 2 this gives two solutions: ν = 1 and ν = −1
3
. The second choice, ν = −1
3
, is nicely consistent
with the homogeneity of the prepotential, but it implies that T = α312, what seems inconsistent with
any a priori formula like (9).
3 Next order: n = 2 case
For corrected prepotential
Fpert(S1, S2, T ) + f(S1, S2, T ) (23)
we need that
A = fˇ1Fˇ
−1
2 FˇT + Fˇ1Fˇ
−1
2 fˇT − Fˇ1Fˇ
−1
2 fˇ2Fˇ
−1
2 FˇT +O(f
2) (24)
be symmetric.
Take the first ”non-perturbative” correction in the form
f(S1, S2, T ) ∼
1
g3
F3(S1, S2, T ) ∼ (S
3
1 − cS
2
1S2 + cS1S
2
2 − S
3
2)T
3µ (25)
3 Zeroes in the second row of (16) and the second column in (17) are pertinent properties of all matrices Fˇ composed
of third derivatives, they are independent of particular ansatz for F . The same is true with coincidence of entries 12 and
21, 23 and 32 in (18): the only non-trivial condition obtained from (18) being symmetric (WDVV equation), imposed
non-trivially on F in the n = 3 case, is an equality between the entries 13 and 31.
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The overall coefficient like g−13 does not play a role in the linearized equation (24). The ansatz is
consistent with [1], according to their calculation c = −15
2
and T−µ = α12. (Since at the perturbative
level we already obtained T = α312 for the CIV-DV prepotential. This implies that we need µ = −1/3
for it). Substituting the ansatz (25) into (24) and making use of (16) and (17), we obtain
A =


f111 f112 f11T
f122 f222 f12T
f11T f12T f1TT




−
(ν + 1)(b2 − 1)S2
b2T
0
(ν + 1)(b2 − 1)S1S2
b2T 2
−
ν(b2 − 1)S2
bT
0
ν(b2 − 1)S1S2
bT 2
−
1
b
1
S1 − bS2
bT


+
+


(ν + 1)(S2 − bS1)
νb2S1
S2
bS1
−
T
νbS1
1 0 0
−
(ν + 1)(b2 − 1)S2
b2T
−
ν(b2 − 1)S2
bT
−
1
b


·
·


(b2 − 1)S2
b2T
((ν + 1)f112 + bνf122)+ 0 −
(b2 − 1)S1S2
b2T 2
((ν + 1)f112 + bνf122)+
+
1
2
f12T + f11T +
2S2 − S1
2T
f12T + f1TT
(b2 − 1)S2
b2T
((ν + 1)f122 + bνf222)+ 0 −
(b2 − 1)S1S2
b2T 2
((ν + 1)f122 + bνf222)+
+
1
2
f22T + f12T +
2S2 − S1
2T
f22T + f2TT
(ν + 1)(b2 − 1)S2
b2T
f12T +
ν(b2 − 1)S2
bT
f22T+ 0 −
(ν + 1)(b2 − 1)S1S2
b2T 2
f12T −
ν(b2 − 1)S1S2
bT 2
f22T+
+
1
2
f2TT + f1TT +
2S2 − S1
2T
f2TT + fTTT


(26)
The last matrix at the r.h.s. is obtained by evaluating the sum




f11T f12T f1TT
f12T f22T f2TT
f1TT f2TT fTTT

−
−


f112 f122 f12T
f122 f222 f22T
f12T f22T f2TT




−
(ν + 1)(b2 − 1)S2
b2T
0
(ν + 1)(b2 − 1)S1S2
b2T 2
−
ν(b2 − 1)S2
bT
0
ν(b2 − 1)S1S2
bT 2
−
1
b
1
S1 − bS2
bT




(27)
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That matrix (26) be symmetric can seem to impose three relations. In fact, two of them A12 = A21
and A23 = A32 are automatically satisfied (for the composition of 3 × 3 matrices made from third
derivatives, actually A12 = f11T and A23 = f1TT ). The only non-trivial one is the equality between
the 13 and 31 entries, A13 − A31 = 0. After a tedious calculation we obtain for this difference with
the ansatz (25):
b2S1T
3−3µ(A13 −A31) =
=
[
bS21 + (2(b
2 − 1)ν + (b2 − 2))S1S2
]
· 6µ(3S1 − cS2)+
+
[
(ν + 1)
ν
(S21 + S
2
2) +
2((b4 − 1)ν2 + (b2 − 2)ν − 1)
νb
S1S2
]
· 6µc(S2 − S1)+
[
bS22 + (2(b
2 − 1)ν + (b2 − 2))S1S2)
]
· 6µ(cS1 − 3S2)+
+
[
ν + 1
ν
S2 +
ν − 1
ν
bS1
]
· 3µ(3µ − 1)(3S21 − 2cS1S2 + cS
2
2)+
+
[
ν − 1
ν
bS2 +
ν + 1
ν
S1
]
· 3µ(3µ − 1)(−cS21 + 2cS1S2 − 3S
2
2)+
+3bµ(3µ − 1)(3µ − 2)(−S31 + cS
2
1S2 − cS1S
2
2 + S
3
2)+
+
[
6(ν + 1)(b2 − 1)
b2
−
2(b2 − 1)[(b2 − b+ 1)ν2 − (b− 2)ν + 1]
bν
c
]
· S1S2+
+(b2 − 1)((b2 − 1)ν − 1)
[
−6ν +
2(ν + 1)[(2b − 1)ν − 1]
νb2
c
]
· S22 =
= (3µ + 1)
{
3µ
ν
[(ν + 1)c− b(3ν − 3µ+ 1)](S32 − S
3
1)+
+
([
3µ(3µ − 1)b2 + 2(3µ − 1)b+ 4+
+(2(b3 − 3b+ 4)− 3(3b − 2)bµ)ν)− 4(b2 − 1)(b2 − b+ 1)ν2
]
c+
+[3µ(ν + 1) + 4(b2 − 1)ν2 + 2(b2 − 3)ν − 2]
)
S21S2+
+
([
4((b4 − 1)ν2 + (b2 − 2)ν − 1)
νb
−
(3µ − 2)2b
ν
− 4b2v + 4ν−
−2b2 + 2−
2
ν
+ 2b+ (3µ − 2)
3b(ν − 1)− 2(ν + 1)
ν
]
c−
− [12(b2 − 1)ν + 6(b2 − 2) + (ν + 1)(3µ − 2)]
)
S1S
2
2
}
+
+((b2 − 1)ν2 − 2ν − 1)
{(
b2 − b+ 1
bν
c−
6
ν
)
S21S2+
+
(
2(2b − 1)
b2ν
c−
6
ν
)
((b2 − 1)ν − 1)S1S
2
2
}
(28)
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The r.h.s. is a linear combination of sophisticated expressions4 with coefficients equal to 3µ + 1 and
(b2−1)ν2−2ν−1. Thus it vanishes, and WDVV eqs hold in this approximation whenever 3µ = −1 and
the condition (21) for logarithmic WDVV to hold is fulfilled. No restriction on parameter c appears
in this approximation.
4 Conclusion
To conclude, we proved that perturbative prepotentials of the given type, satisfying the spherical
WDVV equations of ref.[6], do exist, at least in the case of just two S-moduli and one T -modulus and
at the first order of expansion in powers of S.
Moreover, solutions form an entire one-parametric family (21), of which the CIV-DV prepotential
is just a single point b = 2. It is a question, what kind of SW system can correspond to generic
solution with any b.
Furthermore, we demonstrated that, as usual with the WDVV equations, once they are satisfied at
the perturbative (logarithmic) level, the prepotential can be corrected so that they are satisfied at the
next order – and, perhaps, further and further, so that every logatithmic solution of WDVV eqs gives
rise to (at least a one-parametric, with dimensionful parameter gn+1) family of solutions. Actually, to
the approximation that we considered, one more dimensionless parameter, c, remained unrestricted,
but it can still be fixed in the next approximations.
All these imply that the DV system does not provide a generic solution of the given type to
WDVV equations. One can regard this as a confirmation of the universality-classes hypothesis of
ref.[2] (see the end of s.5.1 of that paper). This emphasizes the need to study regularized DV system,
the ”hidden-sector” curve and the DV limiting procedure (see [2] for more details).
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